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A. N. Salgueiro,1, ∗ Chi-Yong Lin,2 A.F.R. de Toledo Piza,1 and M. Weidemu¨ller3
1Instituto de F´ısica, Universidade de Sa˜o Paulo, CP 66318 CEP 05389-970, Sa˜o Paulo, Brazil
2Department of Physics, National Dong Hwa University Hua-Lien, Taiwan, R.O.C.
3Physikalisches Institut, Albert-Ludwigs-Universita¨t Freiburg, 79104 Freiburg, Germany
We use the concept of doorway states to solve the finite Bose-Hubbard model. This method
allows for the inclusion of many-body correlations in a dynamically motivated hierarchical way,
yielding useful approximations even within subspaces of the full Hilbert space of greatly reduced
dimensionality. Moreover we apply the doorway method to solve the problem of N bosons in
a lattice, where the chemical potential, the on-site fluctuations, the visibility of the interference
pattern arising from atoms in a one-dimensional periodic lattice and the width of the interference
peak are calculated. Excellent qualitative agreement with exact numerical calculations as well as
recent experimental observations is obtained.
PACS numbers: 03.75.Lm, 03.75.Hh, 03.75.Gg
I. INTRODUCTION
The physics of strongly interacting quantum systems
has been subject of intense investigations since the early
days of quantum mechanics. With the recent develop-
ments in the field of ultracold quantum gases, systems
of strongly correlated bosonic and fermionic atoms with
tunable interactions have become amendable to exper-
imental studies [1? –5]. Complete theoretical under-
standing of these coupled many-body systems is diffi-
cult, and only rare examples exist, for which analytical
solutions for the ground state could be explicitly been
given [6]. Of particular importance in this context is
the Bose-Hubbard model, which can describe bosons or
fermions in an optical lattice or in a double well poten-
tial. This model serves as a prototype system exhibit-
ing a quantum phase transition [12]. Triggered by the
recent observation of this phase transition from a su-
perfluid to a Mott-insulating phase with bosonic atoms
in one- (1D) and three-dimensional (3D) optical lattices
[3, 4, 13], the ground state and correlation properties of
the Bose-Hubbard model have been extensively investi-
gated by a large number of groups [14–16]. Complete
theoretical understanding of these coupled many-body
systems is difficult, and only rare examples exist, for
which analytical solutions for the ground state could be
explicitly been given [6]. The description generally has
to rely upon approximation of numerical or analytical
methods such as the density-group-renormalization [7],
quantum Monte Carlo approaches [11], perturbative cal-
culations [27], and mean-field treatments ,e.g., Gutzwiller
ansatz [8–10]. In this context, it is necessary to introduce
different methods which give the energy spectrum of a
many-body hamiltonian and its respective eigenstates or
at least the ground-state.
In this paper, we use the concept of doorway states
to study bosons in a double well and bosons in an op-
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tical lattice. Both systems can be described by the
Bose-Hubbard model. The method is based on the con-
struction of doorway projectors as initially introduced by
Feshbach in the context of scattering theory in Nuclear
Physics to explain the appearance of intermediate struc-
tures in the cross section [17]. The main idea underly-
ing this approach is a dynamically motivated decompo-
sition of the full Hilbert space of the hamiltonian into
a sequence of mutually orthogonal subspaces. The first
subspace in the hierarchy is chosen on the basis of its
particular relevance to the problem at hand and making
use of the symmetries of the hamiltonian. In the original
context of nuclear reactions this subspace spans the open
channels. In the context of the Bose-Hubbard model, it
spans the analytical lowest energy solutions of the pure
hopping or the pure superfluid limiting cases, when one
is interested in approximating the system ground-state.
Subsequent subspaces are chosen as spanned by new state
vectors generated from the action of the hamiltonian on
each partially defined subspace. Formally, this is imple-
mented by establishing a sequence of mutually orthogo-
nal projectors P,D1,D2, · · · such that P +
∑
iDi is the
identity operator and the hamiltonian has non-vanishing
matrix elements only between states in consecutive mem-
bers of the hierarchy. This hierarchy allows for dynam-
ically controlled truncation schemes which may signifi-
cantly reduce the computational effort. The advantage
of the doorway approach is that it can be used as a nu-
merical or analytical tool. The doorway method is also
know as projection formalism and continued-fraction rep-
resentation [19]. Moreover, this approach can be seen as
a generalization of the several other schemes developed in
different areas of many-body physics, such as the Lanczos
method [20] of Solid State physics, the resolvent method
[21] of Quantum Optics, and the Feshbach-Fano parti-
tioning method [22] of Quantum Chemistry. Note, in
particular, that in each of these methods the subspaces
are one-dimensional.
Usually it is much more difficult to obtain the eigen-
states of a given hamiltonian rather than the eigenval-
ues of the energy. In this context, the way the doorway
2method is constructed creates a reduced subspace where
the Bose-Hubbard hamiltonian can be projected. The
projection of the hamiltonian in this reduced subspace
allows for the knowledge of part of the energy spectrum
and its correspondent eigenstates. We are mainly inter-
ested in the ground-state of this system which features
both the superfluid and Mott-insulator regimes. In this
context, the energy spectrum with the same symmetry
of the ground-state and the ground-state wavefunction
of the Bose-Hubbard model are calculated. Furthermore,
the correlation properties of a low density bosonic system
in an optical lattice are calculated over the full range of
coupling parameters and found to qualitatively describe
the measurements of [13, 18], even though these experi-
ments are inhomogeneous systems due to the presence of
an external trap.
The paper is organized as follows. In section II a more
formal presentation of the doorway approach is given.
In section III the doorway approach is applied to solve
N bosons distributed in M -sites, described by the Bose-
Hubbard model. In subsection IIIA we start withM = 2
sites and the doorway method is used to obtain the en-
ergy spectrum and the ground-state. In subsection III B
the approach is applied to the more general case (N -
boson distributed among M -sites), where experimental
observables such as chemical potential, on-site variance
and visibility are calculated.
II. DESCRIPTION OF THE DOORWAY
METHOD
The doorway method consists in splitting the full
Hilbert space of the many-body hamiltonian H into dif-
ferent subspaces which are accessed by the action of pro-
jectors on H . Let P be the projector onto the sub-
space P generated by a set of state vectors which are
relevant for the lowest order approximation to the sys-
tem at hand. Specific choices in connection with Bose-
Hubbard systems are discussed in the subsections be-
low. P is in general multi-dimensional, so that P =∑k
i=1 |pi〉〈pi| in terms of a orthonormal set of state vec-
tors {|pi〉}i=1,···k. From P , it is possible to construct
the basis which generates the first doorway subspace
by the action of |d(1)i 〉 ≡ (1 − P )H |pi〉 which have to
be normalized. The second doorway state is given by
|d(2)i 〉 ≡ (1 − P − D1)H |d˜(1)i 〉, with |d˜(1)i 〉 as the nor-
malized first doorway state. The second doorway |d(2)i 〉
has also to be normalized. The orthogonalization of the
doorway states is done at each step. The procedure ter-
minates when (1−P −D1−D2−· · ·−Dk)H |d(n−1)i 〉 = 0
with Dj =
∑k
i |d˜(j)i 〉〈d˜(j)i | (j = 1, 2, . . . , n) denoting
the projectors onto the doorway spaces. The space
P⊕D1⊕· · ·⊕Dn then represents an irreducible subspace
for the Hamiltonian containing the initial subspace P.
The crucial point is the choice of the most adequate start-
ing state |pi〉 to generate the initial subspace to obtain
the solution in the most efficient way. The many-body
Schro¨dinger equation is solved in this subspace
(E −HPP −HPD1
1
E −HD1D1 −M1,2
HD1P )P |ψ〉 = 0,(1)
Mi,i+1 ≡ HDiDi+1(E −HDi+1Di+1 −Mi+1,i+2)−1HDiDi+1
where HPP = PHP , HDiDj = DiHDj, HDiP = DiHP
with i, j = 1, 2 . . . n. Using the second equation recur-
sively, one obtains a nonlinear problem within the P -
subspace which determines the eigenvalues of the hamil-
tonian in the full Hilbert space. All orders of interac-
tions described by the Hamiltonian are taken into ac-
count inside this subspace. Therefore, the expansion is
not perturbative in the couplings, but it represents the
full solution in a subspace of lower (reduced) dimension.
Once the solution is truncated, the diagonalization of
the hamiltonian happens within the used subspace (e.g.
P⊕ D1 ⊕ · · · ⊕ Dlast used).
Information about the eigenstates of the system can
be obtained by projecting the original hamiltonian in
the reduced subspace created by the doorway states,
which can be either complete or truncated, depend-
ing on the physical system. In this case the quan-
tities H˜PP = 〈P |HPP |P 〉, H˜DiDj = 〈Di|HDiDj |Dj〉,
H˜DiP = 〈Di|HDiP |P 〉 are the matrix elements of the
reduced hamiltonian. In spite of the original doorway
procedure giving no information about the eigenstates of
the system, one can use the reduced subspace which is
created by the doorway states to project the hamilto-
nian in this reduced subspace, and then diagonalize it to
obtain information about the eigenstates of the system.
III. DOORWAY METHOD APPLIED TO THE
BOSE-HUBBARD MODEL
We apply the doorway method to a system ofN bosons
in a 1D optical lattice ofM sites in the homogeneous case.
The system is described by the Bose-Hubbard model
H = −J
M∑
j=1
(a†jaj+1 + h.c.) +
U
2
∑
j
nj(nj − 1) (2)
which can be seen as a many-mode approximation for
an ultracold gas of bosonic atoms occupying the lowest
band in a periodic array of potential wells [9, 12]. The
operators a†j and aj are the creation and annihilation op-
erators, respectively, of a boson in the j-th site, and nj
is the number of atoms at the lattice site j (j = 1 . . .M).
The strength of the on site repulsion of two atoms on the
lattice site i is characterized by U . The parameter J is
the hopping matrix element between adjacent sites which
characterizes the strength the tunneling term. A periodic
boundary condition is included allowing for tunneling be-
tween the first and the last site of the lattice (siteM+1 ≡
3site 1). In the case ofM = 2 sites, the periodic boundary
condition is already intrinsic.
In this paper, we consider the Bose-Hubbard hamil-
tonian with periodic boundary conditions. Moreover,
the Bose-Hubbard hamiltonian with periodic boundary
conditions conserves two important quantities: the total
number of particles and the total quasi-momentum. As a
consequence, its Hilbert space can be partitioned into M
decoupled subspaces corresponding to the values of quasi-
momentum (q=0,...,M-1). Furthermore, the subspace
with q=0 and, for even M, also the subspace with quasi-
momentum q=M/2, can be further partitioned into sym-
metric and antisymmetric subspaces (”odd-even” sym-
metry) [26]. The ground state of the system lies in the
symmetric q = 0 subspace. Thus, the initial P subspace
is chosen within this subspace. The full set of door-
way subspaces constructed from the initial P subspace
will finally span the symmetric part of the subspace with
zero quasi-momentum, providing the full solution for the
ground state. In order to define the P subspace, one can
use the fact that the ground state of the system has two
different limiting cases: the superfluid phase for J ≫ U
where the particles are delocalized over the whole lattice,
and the Mott-insulating phase for J ≪ U where the par-
ticles are localized with an equal number of atoms per
site n0 = N/M .
A. Two-site Bose-Hubbard model
To illustrate how the method works, we first apply the
doorway method to the two-site Bose-Hubbard model,
which corresponds to N bosons in a double-well. First,
the doorway method is used to construct the reduced
subspace the two-site Bose-Hubbard hamiltonian is pro-
jected. The projected hamiltonian can be diagonalized.
Analytical expressions for the matrix elements of the
reduced hamiltonian H˜pp, H˜pdi , H˜didi and H˜didi+1 are
found. We start the doorway construction for the re-
pulsive case using different |pi〉 states, since there is a
crucial difference between the ground state for N -even
and N -odd. For J = 0, the N -even ground state is
non-degenerate, |p〉 = |(N/2)(N/2)〉, where the num-
ber of particles per site is an integer (Mott-insulator)
while the N -odd ground state is degenerate |p±〉 =
1/
√
2[|(N+1)/2, (N−1)/2〉±|(N−1)/2, (N+1)/2〉]. In
the first case P is one-dimensional and in the second case
P is bi-dimensional. Now that P projectors are defined,
the doorway projectors can be built. For N -even the to-
tal doorway projector is given by D =
∑l
i=1Di, where
l = N/2 and generator state of the doorway subspace is
|di〉 = (1/
√
2)[|(N/2+i)(N/2−i)〉+|(N/2−i)(N/2+i)〉],
where i is the number of particles one can remove or
add to a particular site (1 ≤ i ≤ N/2). For N -odd the
doorway projector is given by D =
∑l
i=1(Di+ + Di−),
where l = (N − 1)/2 and the two unconnected type
of generator states of the doorway subspace are related
to the symmetric and antisymmetric subspace, namely
|di±〉 = (1/
√
2)[|((N + 1)/2 + i), ((N − 1)/2 − i)〉 ±
|((N − 1)/2 − i), ((N − 1)/2 + i)〉], where i is the num-
ber of particles one can remove or add to a particular
site (1 ≤ i ≤ (N − 1)/2). Now that we know all door-
way projectors and P , the Bose-Hubbard hamiltonian
can be projected in the subspace generated by them and
the matrix elements of the projected hamiltonian H˜pp,
H˜pD1 , H˜Di−1Di and H˜DiDi where 1 ≤ i ≤ n0 = l, with
l = N/2 for N even and l = (N − 1)/2 for N odd, can be
calculated. For N -even,
H˜pp =
U
2
N(
N
2
− 1)|p〉〈p| (3)
H˜Pd1 = −J
√
N(N/2 + 1)|p〉〈d1|
H˜didi = [
U
2
N(
N
2
− 1) + Ui2]|di〉〈di|
H˜di−1di = −2J
√
(
N
2
+ i)(
N
2
− i + 1)|di−1〉〈di|.
while for N -odd
H˜pp = [
U
4
(N − 1)2 − J(N + 1)
2
]|p+〉〈p+|
+[
U
4
(N − 1)2 + J(N + 1)
2
]|p−〉〈p−|
H˜didi = [
U
4
(N − 1)2 + Ui(i+ 1)][|di+〉〈di+|+ |di−〉〈di−|]
H˜di−1di = −(J/2)
√
((N + 1)
2 − 4i2)[|d(i−1)+〉〈di+|
+|d(i−1)−〉〈di−|]. (4)
Consequently the diagonalization of the reduced hamil-
tonian can be performed. The doorway solution of the
energy spectrum of the system is, of course, in perfect
agreement with the exact diagonalization of the hamil-
tonian. The doorway solution of the energy spectrum,
which corresponds to the exact one, can be fully gener-
ated by considering N/2 + 1 (N even or odd) doorways
for the symmetric and N/2 (N even) or N/2 + 1 (for
N odd) doorways for the antisymmetric situation. It
is well-know that the energy spectrum of this system is
composed of regions with and without quasi-degenerate
doublets [23] which is confirmed by the doorway solution.
The degeneracy of the doublets is broken as the tunneling
parameter increases. The same analysis can be extended
to the case of attractive on-site interaction.
In the case considered here, the doorway method is op-
timized to give information about the eigenstates of the
system, but the attention will be focus on the ground-
state/first excited state and the last two excited states
of the system. The general form of the ground state
of this system with N -even particles as a function of
the tunneling parameter is |ψ0〉 = αp|p〉+
∑N/2
i=1 αdi |di〉.
For this particular case, the ground-state is the analo-
gous to the Mott state for the two-site Bose-Hubbard
model. This ground-state is an unique state. How-
ever, the ground state of the system with N odd is
4a degenerate doublet for J/U = 0. This degeneracy
of the ground state is lifted as the tunneling param-
eter increases. Thus, one of the states of the quasi-
degenerate doublet becomes the ground-state while the
other state becomes the first excited state. The ground-
state and the first excited state are given respectively
by |ψ0〉 = αP+ |P+〉 +
∑(N−1)/2
i=1 αdi+ |di+〉 and |ψ1〉 =
αP− |P−〉+
∑(N−1)/2
i=1 αdi− |di−〉, as a function of the tun-
neling parameter. We compare the form of the wave-
functions discussed above with the semi-classical solu-
tion. The semi-classical solution does not distinguish if
N is even or odd as the quantum one does. The semi-
classical solution is always localized (see ref.[25]). It also
does not make any difference if the on-site interaction is
repulsive or attractive.
The last two excited states are a quasi-degenerate
doublet, where one of the states of the doublet. For
J/U = 0, the last two excited states are given by
|ψe±〉 = 1/
√
2[|N0〉 ± |0N〉] ≡ |dlast〉 and for J/U 6=
0 new components are created in the states |ψe±〉 =
α′P± |P±〉+
∑(N−1)/2
i=1 α
′
di±
|di±〉. These excited states rep-
resent even-odd macroscopic superpositions (even and
odd Schro¨dinger cat states). Nowadays, enormous ef-
fort has been put to create such states, since they are
important to quantum information, spectroscopy and so
on. Those states have been theoretically found before
as the symmetry-preserving-class of solutions of the GP
equation which preserves the symmetry [24]. It has been
observed these even-odd macroscopic superpositions do
not lose their strength until J/U = 1, and after that
point, they start to disappear very quickly. To under-
stand why they are more robust than any other states
of spectrum, one has to look how the energy spectrum
changes as a function of the tunneling parameter. These
states are the last to be affected by the increase of tun-
neling parameter. It is the last degeneracy to be broken.
even with a considerable vale of the tunneling parameter
J/U .
B. Bose-Hubbard model for a lattice
We extend the previous analysis to a more general
case, the Bose-Hubbard model for a lattice (M -sites).
Moreover, observables of one-body and two-body, such as
chemical potential, variance and visibility are calculated
with the help of the doorway method. For the commensu-
rable situation (N = n0M) we choose |p〉 = |n0〉⊗M cor-
responding to the ground state of the system in the pure
Mott case (U ≫ J), which generates a one-dimensional
subspace P. If an extra particle is added to or removed
from the system (N ± 1 = n0M ± 1) (non-commensurate
situation), the initial multi-dimensional subspace P is
generated and has the form P =
∑M
i=1 |pi〉〈pi|, where
|pi〉 = |(n0 ± 1)in⊗M0 〉. Starting from these initial sub-
spaces the correspondent doorway subspaces are con-
structed. For non-commensurate situation, however
there is a simpler way to obtain only the ground-state,
which is to start instead with the symmetric superposi-
tion |p〉 = 1√
M
∑M
j=1 |(n0 ± 1)jn⊗M0 〉. Furthermore, the
doorway method gives the flexibility to choose another
states as the starting point |p〉. Depending on the pa-
rameters of interest, one may also start from the pure
superfluid state (J ≫ U) as the initial state |p〉 in the
construction of the doorways, following the same proce-
dure discussed in the section before. We will use this flex-
ibility to study the on-site variance later. After finishing
to generate the doorway subspaces, the part of the energy
spectrum and the ground-state are obtained by solved by
projecting the M -site Bose-Hubbard hamiltonian in the
reduced subspace created by P and doorway projectors.
Unfortunately for this general case, it is not easy to ob-
tain analytical expressions for the matrix elements of the
reduced hamiltonian as in the previous case (M = 2).
The exact ground-state of the system can be described
in general as |ψ0〉 =
∑n
i=0 αi|di〉, where |d0〉 = |p〉, where
n is the number of last generated doorway. One can check
that the superfluid ground state |ψSF 〉 ∼ (
∑M
i=1 a
†
j)
N |0〉
is asymptotically reached for J/U →∞.
The doorway method genuinely reduces the numerical
effort to the diagonalization of the very small, but rele-
vant part of the total Hilbert space. For small number of
sites, it is possible to obtain numerically the full solution
of the energy spectrum and ground state. However, for
larger number of sites, it is not so easy to generate all
doorways one needs to obtain the full solution because of
numerical reasons, such as lack of available memory. In
this context it is important to discuss the convergency
of the method. A good measure for the convergence
of the method is given by the ”reliability” defined as
R =∑n′i=0 |〈ψ0|di〉|2, where |ψ0〉 being the exact ground
state of the system obtained from the exact numerical di-
agonalization of the Bose-Hubbard Hamiltonian and n′
being the maximum number of doorways to generate the
truncated solution. The meaning of the reliability can be
understood in terms of the portion of the full symmetric
subspace which has been covered by the truncated solu-
tion. The convergency of the method scales linearly with
the number of particles for the commensurate and incom-
mensurate cases. We have tested this convergency for
cases we are able to obtain the exact solution. Fig.1(a)
illustrates this convergency for M = N = 5, consid-
ering the truncated solution for n = 2, 3, 2, 5, 16 door-
ways. The convergency is then achieved after the fifth
doorway |d5〉 is created, showing the subspace spanned
by the doorways already include the most relevant por-
tion of the full symmetric subspace. For this particular
case, the Hilbert space is of dimension
(
N+M−1
N
)
= 126
whereas the symmetric zero quasi-momentum subspace
has only dimension 16. The convergency of the method
is surprisingly fast, since the recursive construction of
the doorway states “automatically” creates the most ef-
ficient path into the irreducible subspace depending on
the specific values of the parameters U and J .
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FIG. 1: (a) Reliability as a function of the tunneling pa-
rameter for N=M=5 and the maximum number of doorways
n = 2, 5, 16. (b)Chemical potential µN/U as a function of
the dimensionless tunneling parameter J/U for M = 5 lattice
sites and N particles. The solid lines are the result of the
doorway method using seven doorways. The dashed curves
represent an exact numerical solution of the Bose-Hubbard
model.
Chemical potential: We derive the ground state en-
ergy and the chemical potential (µN/U = [EN+1 −
EN ]/U) as a function of the dimensionless tunneling pa-
rameter J/U . Fig. 1(b) shows the chemical potential as
a function of J/U comparing the exact solution of the
Bose-Hubbard hamiltonian (dashed lines) with the result
of the doorway method (solid lines) for the case ofM = 5
sites. The distance between the apparent parallel lines of
Fig. 1(b) is almost 1/M , which vanishes in the thermody-
namic limit (N,M →∞ and N/M finite), characterizing
the phase transition point where the two limiting curves
µn0M and µn0M+1 are the same. For convenience, the
doorway method has only been applied to the limiting
cases N = n0M and N = n0M ± 1 where the deter-
mination of the corresponding initial states is described
above. The curves inside the lobes are only shown for
the exact calculation and they represent the evolution of
the M -degenerate states of J = 0 as a function of the
hopping parameter.
On-site number fluctuation: As a second application
of the doorway method, we determine the on-site number
fluctuation of the ground state σi =
√
〈n2i 〉 − 〈ni〉2 as a
function of U/J and as a function of J/U . The results
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FIG. 2: On-site number fluctuations calculated for M = 6
sites and N = 6 particles using eight doorways to construct
the ground state of the system. The initial state in the recur-
sion is either the pure superfluid state (left graph) or the pure
Mott-insulator state (right graph). The dashed line gives the
result of perturbation theory for J/U ≪ 1.
are shown in Fig. 2. Depending on the regime, the most
efficient construction of the doorways starts from either
a pure superfluid state (left graph in Fig. 2) or the Mott
state (right graph in Fig. 2). For small U/J , the on-
site fluctuations are found to decrease linearly starting
from the initial value given by
√
N
M (1− 1M ). At inter-
mediate U/J , the decrease curve changes slope in the re-
gion of the phase transition and finally approaches the
dependence 2 JU
√
n0(n0 + 1), which is identical to the
perturbative result for the ground state wavefunction
|ψ〉 ≃ |n0〉⊗M + JU
∑
〈i,j〉 a
†
iaj |n0〉⊗M with 〈i, j〉 denot-
ing the next neighbor sites. The results of the doorway
method agree well with an analysis by Roth and Burnett
based on the calculation of the superfluid fraction under
twisted boundary conditions [14]. Starting from the pure
Mott-insulator state, we derive the on-site number fluc-
tuations for J/U <∼ 1 (right graph in Fig. 2). In the
pure Mott phase, no correlations among the particles ex-
its and the one-site number fluctuations vanish. As J/U
increases, correlations are created resulting in a steady
increase of the fluctuations. After the phase transition
region is crossed, the fluctuations approach the asymp-
totic value for U/J = 0. It is instructive to compare the
result with the commonly used Gutzwiller ansatz [9, 10]
which, by construction, does not provide particle corre-
lations and thus genuinely underestimates on-site fluc-
tuations at small J/U . The short-range correlations of
the particles have to be included by additional pertuba-
tive terms [10, 16]. Since the groundstate wavefunction
constructed by the doorway method contains all relevant
many-body correlations, the on-site fluctuations are ren-
dered correctly for small J/U as well as for the region of
the phase transition at intermediate values of the tunnel-
ing parameter.
Interference pattern and visibility: To demonstrate
the efficiency of the doorway method for the determi-
nation of important experimental observables, the inter-
ference of atoms released from an optical lattice is mod-
eled and the dependence of the visibility and the width
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FIG. 3: (a) Interference pattern of a matter waves released from a one-dimensional lattice for different values of the tunneling
parameter J/U for eight particles distributed over eight lattice sites. The intensity is plotted as a function of the accumulated
difference in phase after the expansion. (b) Visibility of the interference pattern as a function of the inverse tunneling parameter
U/J . The dashed lines in (a) and (b) show the result of perturbation theory for an infinite number of sites but finite average
population per site n0 = 1.
of the first resonance peak of the matter-wave interfer-
ence pattern on the parameter J/U is derived. Com-
prehensive studies of these two quantities have recently
been performed by Gerbier et al. [18, 28] for 3D opti-
cal lattice and by Sto¨ferle et al. as well as M. Ko¨hl et
al. for 1D optical lattice [13]. The observed interfer-
ence pattern is directly related to the Fourier transform
of the single-particle density matrix ρij = 〈a†jai〉. There-
fore, measurements of the visibility are particularly sensi-
tive to short-range coherence induced by the tunneling of
the particles. Following the derivation in Refs. [14, 29],
the intensity is calculated for a one-dimensional lattice
as I = 1M
∑M
i,j=1 exp (ik(ri − rj)) 〈a†jai〉 where k denotes
the wave vector of the expanding matter wave after re-
lease from the lattice point ri or rj , respectively. The
result of the doorway method for N = 8 particles dis-
tributed over M = 8 sites, starting from the pure Mott
state and taking nine doorways into account, is shown in
Fig. 3. Periodic boundary conditions assure that limited
size effects are minimized. Fig. 3(a) depicts the resulting
intensity distribution for different tunneling parameters.
One clearly sees the development of sharp multiple-beam
interference maxima with increasing J/U , correspond-
ing to a decrease of the well depth in the experiments.
For very small J/U , the remaining weak modulation of
the intensity distribution indicates small-scale correla-
tions even deep in the Mott-insulator regime, as have
been observed experimentally [13, 18, 28]. The intensity
pattern for small J/U is well fitted by the result of per-
turbation theory for an infinite number of sites given by
I = 1+ 8 JU cos(kd) (dashed line in Fig. 3) where d is the
separation of two adjacent lattice sites.
In Fig. 3(b) the visibility, defined as V = (Imax −
Imin)/(Imax + Imin), is plotted over a wide range of the
parameter U/J . The power of the doorway method be-
comes apparent by the fact that all features of the visi-
bility are correctly reproduced over the full range of U/J
by using a ground state wavefunction created by the su-
perposition of few doorway states including the initial
Mott-insulating state. For large U/J (Mott-insulator
regime), the visibility approaches the non-vanishing per-
turbative result V = 4(n0 + 1)J/U [18, 28, 30] reflecting
the persistence of short-range correlations. In the ball-
park of the phase transition the visibility changes its an-
alytical dependence on J/U and finally reaches a value
close to unity for small U/J . This graph qualitatively
describes the experimental findings of Gebier et al. [18],
even though the present model neglects the external trap
and it is not 1D. A detailed investigation of the visibility
in a 3D- inhomogeneous case can be found in Ref. [31].
Moreover, we can directly calculate the width of
the first interference peak for different number of sites
and compare with the experimental measurements of
Refs. [13] for 1D optical lattice. In Fig. 4, the width of
the first interference peak is calculated using the doorway
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FIG. 4: The width of the first interference peak as a function
of U/J for different number of sites M = 4, 5, 6, 7, 8.
method for different number of sites (M = 3, 4, 5, 6, 7, 8).
We observe that as the number of sites increases, the
point the width curve starts to grown converges to a
critical value which characterize the phase transition re-
gion. Our calculation describes qualitatively the results
of refs. [13] until the phase transition point is reached.
On the other hand, after this point is crossed we see in
our model the finite size effects which does not show up
in the experimental results. Moreover, we do not observe
the presence of kinks neither in the visibility or in the
width of the interference peak, since the external trap is
neglected in the present model.
IV. CONCLUSIONS
In conclusion, we optimize the doorway states to solve
the Bose-Hubbard model for interacting bosonic particle
in a periodic lattice. The method is based on the suc-
cessive construction of doorway states which genuinely
takes profit of symmetries included in the hamiltonian.
It naturally terminates when the full irreducible subspace
containing the starting state is spanned by the doorway
states. The intermediate doorway states depend on the
interaction and tunneling parameters of Bose-Hubbard
hamiltonian providing the closest approximation to the
ground state. Therefore, the convergence of the method,
as can be quantified by the “reliability” introduced in
this paper, scales as the number of particles. All rele-
vant correlations of the many-body system are included
in the ground state wavefunction derived in this way,
as was shown by calculating the energy spectrum, the
on-site fluctuations and the expectation value for single-
particle correlations. We have limited our discussion on
a one-dimensional model to keep the calculational effort
on a low level. Conceptually, there are no limitations for
extending the method to 2D, 3D and to the inhomoge-
neous case. Other important observables currently under
experimental investigation, such as two-particle correla-
tions of Hanbury-Brown and Twiss type [32], can also be
approached by the doorway method. Since the doorway
method allows direct access to the many-body wavefunc-
tion of the system, it can be applied to other impor-
tant systems involving many-body correlations such as
fermionic gases coupled by Feshbach resonances or the
fermionic variant of the Bose-Hubbard model. In addi-
tion, dynamical properties of the Bose-Hubbard model,
such as many-body tunneling rates, may be investigated.
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